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THE INVISIBILITY VIA ANOMALOUS LOCALIZED RESONANCE OF A
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Abstract. We study the invisibility via anomalous localized resonance of a general source for
electromagnetic waves in the setting of doubly complementary media. As a result, we show that
cloaking is achieved if the power is blown up. We also reveal a critical length for the invisibility
of a source that occurs when the plasmonic structure is complementary to an annulus of constant,
isotropic medium.
1. Introduction
Metamaterials are smart materials engineered to have properties that have not yet been found in
nature. Their interesting applications as well as the challenges in understanding their fascinating
properties have gained a lot of attention from the scientific community in recent years. One
important class of metamaterials consists of negative-index metamaterials, characterized by a
refractive index with a negative value over some frequency range. These metamaterials were
postulated and studied by Veselago [36] in the sixties, and their existence was confirmed by Shelby,
Smith, and Schultz [35] in 2001. New fabrication techniques, whose principles are based on the
theory of homogenization (see, e.g., [8] and references therein), now allow for the construction of
negative-index metamaterials at scales that are interesting for applications.
One of interesting applications of negative-index metamaterials is cloaking and there are several
techniques used for this purpose. The first one involves the concept of complementary media
which uses an anti-object to cancel the effect of light of the cloaked object. This was suggested
by Lai et al. [16] and was mathematically established for related schemes in both acoustic and
electromagnetic waves in the time-harmonic regime [23, 31, 27]. Another technique for cloaking
an object using negative-index metematerials is via anomalous localized resonance, which was
proposed in [25] with its roots in [33, 18, 22]. In this cloaking method, the cloak is independent
of the object. There is also a technique to make an object smaller using plasmonic structures, as
introduced by Alu and Engheta [3].
This paper is on the invisibility of a source via anomalous localized resonance. This was dis-
coreved by Milton and Nicorovici [18] (see also [33, 17]) for constant radial-shell plasmonic struc-
tures in the two-dimensional quasistatic regime. They showed that a dipole source is invisible if
the distance from it to the (negative-index) shell plasmonic structure is less than a critical value;
otherwise, it is visible. A key character of this cloaking technique is that the cloaking phenom-
enon is relative: the invisibility takes place when the source is normalized so that the power is
bounded. It is worth noting that for both cloaking using complementary media and cloaking
an object via anomalous localized resonance, cloaking happens for a (fixed) source away from
the plasmonic structure. Milton and Nicorovici’s work was later developed by various authors
[9, 5, 4, 13, 15, 21, 22, 29, 34]; see also the references therein. In the quasistatic acoustic regime,
a general setting for this type of cloaking was studied in [22]. We introduced there the concept of
doubly complementary media for a general shell, which roughly states that the plasmonic structure
is complementary to a part of the core and a part of the exterior of the core-shell structure. The
invisibility via anomalous localized resonance of a general source for this structure was investi-
gated there. In particular, we showed that the invisibility occurs when the power of the plasmonic
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structures is blown up. These results were later extended for the finite frequency acoustic regime
in [29]. It is worth noting that the character of the resonance associated with negative-index meta-
materials is quite complex; two different types of resonance, localized and complete, can occur in
very similar settings [30].
Though the invisibility via anomalous localized resonance of a source has been extensively
investigated for the acoustic waves, this problem has not yet been sufficiently developed in the
electromagnetic setting. The goal of this paper is to fill this gap. To this end, we first introduce
the concept of doubly complementary media for electromagnetic waves. We then provide criteria
for checking the invisibility of a source. Roughly speaking, we establish that (i) a source is
invisible if the power of the plasmonic structure is blown up (Theorem 2.1 and the following
paragraph); (ii) a source is invisible if it is sufficiently close to the plasmonic structure and is
visible if it is far from the plasmonic structure (Propositions 2.1 and 2.2); (iii) if the plasmonic
structure is complementary to an annulus of constant isotropic medium, there is a critical length
that characterizes the cloaking phenomena, as observed by Milton and Nicorovici in the acoustic
quasi-static regime [18] (Theorem 2.2).
Two difficulties in the study of the invisibility of a source via anomalous localized resonance
are as follows. Firstly, the problem is unstable. This can be explained by the fact that the
equations describing the phenomena have sign-changing coefficients; hence the ellipticity and the
compactness are lost in general. Secondly, a localized resonance might appear, i.e., the field
explodes in some regions and remains bounded in others as the loss goes to 0. Our analysis involves
three-sphere inequalities and the localized singularity removal technique introduced in [23, 20] plays
an important role. Negative-index metamaterials have also been investigated using the knowledge
of Neumann-Poincare’s operator, see e.g., [6] and the references therein. Nevertheless, to our
knowledge, the behavior of the fields cannot be addressed using this method unless the family of
the eigenfunctions are somehow explicit.
2. Statements of the main results
Let ω > 0, and let Ω1 b Ω2 b R3 be smooth, bounded, simply connected, open subsets of R3 1.
Let ε+, µ+ be defined in R3 \ (Ω2 \ Ω1) and ε−, µ− be defined in Ω2 \ Ω1 such that ε+, µ+, −ε−,
and −µ− are real, symmetric, uniformly elliptic, matrix-valued functions. Set, for δ ≥ 0,
(2.1) (εδ, µδ) =
{
ε− + iδI, µ− + iδI in Ω2 \ Ω1,
ε+, µ+ in R3 \ (Ω2 \ Ω1).
Here and in what follows, I denotes the (3 × 3) identity matrix. We also denote BR(x) as the
open ball in R3 centered at x ∈ R3 and of radius R > 0; when x = 0, we simply denote BR. As
usual, we assume that for some R0 > 0, Ω2 ⊂ BR0 and (ε+, µ+) = (I, I) in R3 \BR0 , and, for the
application of the unique continuation principle, see [32, 7],
(2.2) ε+, µ+, ε−, µ− are piecewise C1.
Given δ > 0 and J ∈ [L2(R3)]3 with compact support, let (Eδ, Hδ) ∈ [Hloc(curl,R3)]2 be the
unique radiating solution of the Maxwell equations
(2.3)
{ ∇× Eδ = iωµδHδ in R3,
∇×Hδ = −iωεδEδ + J in R3.
1In this paper, the notation D b Ω means D¯ ⊂ Ω for two subsets D and Ω of R3.
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Recall that a solution (E,H) ∈ [Hloc(curl,R3 \BR)]2, for some R > 0, of the Maxwell equations∇× E = iωH in R
3 \BR,
∇×H = −iωE in R3 \BR,
is called radiating if it satisfies one of the (Silver-Mu¨ller) radiation conditions
H × x− |x|E = O(1/|x|) and E × x+ |x|H = O(1/|x|) as |x| → +∞.
Herein, for α ∈ R, O(|x|α) denotes a quantity whose norm is bounded by C|x|α for some constant
C > 0.
For an open subset Ω of R3 of class C1, one denotes
H(curl,Ω) =
{
u ∈ [L2(Ω)]3;∇× u ∈ [L2(Ω)]3
}
and
Hloc(curl,Ω) =
{
u ∈ [L2loc(Ω)]3;∇× u ∈ [L2loc(Ω)]3
}
.
One also denotes
‖u‖H(curl Ω) = ‖u‖L2(Ω) + ‖∇ × u‖L2(Ω) for u ∈ H(curl,Ω).
Physically, εδ and µδ describe the permittivity and the permeability of the considered medium,
and ω is the frequency. The set Ω2 \Ω1 is the shell region (plasmonic structure) in which the per-
mittivity and the permeability are negative, and iδI describes the loss of this plasmonic structure.
For supp J ∩ (Ω2 \ Ω1) = ∅, the power Pδ(Eδ, Hδ), or more precisely the dissipation energy, in
Ω2 \ Ω1, is defined by
(2.4) Pδ(Eδ, Hδ) = δ
∫
Ω2\Ω1
|(Eδ, Hδ)|2.
In this paper, we investigate the behavior of (Eδ, Hδ) away from the plasmonic shell and the
behavior of the power Pδ as δ → 0 in the doubly complementary setting that will be introduced in
Definition 2.2, wherein localized resonance can occur. As seen later, the behavior of Pδ depends
strongly on the location of supp J relative to the shell Ω2 \ Ω1 (Propositions 2.1 and 2.2 and
Theorem 2.2). As a consequence of our results, one derives that a source is relatively invisible
when the power is explored as δ → 0.
We now describe the problem in more detail. Given a matrix-valued function A defined in Ω, a
bi-Lipschitz homeomorphism T : Ω→ Ω′, and a vector field j defined in Ω, the following standard
notations are used, for y ∈ Ω′:
T∗A(y) = ∇T (x)A(x)∇T
T (x)
det∇T (x) and T∗j(y) =
j(x)
det∇T (x) ,
with x = T −1(y). We first recall the definition of complementary media [26]:
Definition 2.1 (Complementary media). Let Ω1 b Ω2 b Ω3 b R3 be smooth, bounded, simply
connected, open subsets of R3. The medium in Ω2 \ Ω1 characterized by a pair of two symmetric
matrix-valued functions (ε1, µ1) and the medium in Ω3 \ Ω2 characterized by a pair of two sym-
metric, uniformly elliptic, matrix-valued functions (ε2, µ2) are said to be complementary if there
exists a diffeomorphism F : Ω2 \ Ω¯1 → Ω3 \ Ω¯2 such that F ∈ C1(Ω¯2 \ Ω1),
(2.5) (F∗ε1,F∗µ1) = (ε2, µ2) for x ∈ Ω3 \ Ω2,
(2.6) F(x) = x on ∂Ω2,
and the following two conditions hold: 1) There exists an diffeomorphism extension of F , which is
still denoted by F , from Ω2\{x1} → R3\Ω¯2 for some x1 ∈ Ω1; and 2) there exists a diffeomorphism
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G : R3 \ Ω¯3 → Ω3 \ {x1} such that G ∈ C1(R3 \ Ω3), G(x) = x on ∂Ω3, and G ◦ F : Ω1 →
Ω3 is a diffeomorphism if one sets G ◦ F(x1) = x1.
Conditions (2.5) and (2.6) are the main assumptions in Definition 2.1. Conditions 1) and 2)
are mild assumptions. Introducing G makes the analysis more accessible. The key point behind
this requirement is roughly the following property. Assume that (E,H) ∈ [H(curl,Ω3 \ Ω1)]2 is a
solution of the system { ∇× E = iωµH in Ω3 \ Ω1,
∇×H = −iωεE in Ω3 \ Ω1,
with (ε, µ) = (ε1, µ1) in Ω3 \ Ω2 and (ε2, µ2) otherwise. Set
(Eˆ, Hˆ) = (F ∗ E,F ∗H) in Ω3 \ Ω2
(see (3.9) for the notation F∗). Then, by a change of variables (Lemma 3.3), (Eˆ, Hˆ) satisfies the
same Maxwell system as (E,H) in Ω3 \ Ω2 and
Eˆ × ν = E × ν on ∂Ω2 and Hˆ × ν = H × ν on ∂Ω2.
Since (ε2, µ2) is symmetric and uniformly elliptic, by the unique continuation principle, one derives
that (Eˆ, Hˆ) = (E,H) in Ω3 \ Ω2. Fields in a medium which does not satisfy the complementary
condition would be stable, i.e., (Eδ, Hδ) is bounded away the interface ∂(Ω2 \ Ω1), in general; see
[24] for a discussion on this topic in the acoustic case.
We are ready to introduce the concept of doubly complementary media.
Definition 2.2. The medium (ε0, µ0) given in (2.1) with δ = 0 is said to be doubly complementary
if for some Ω2 b Ω3, (ε+, µ+) in Ω3 \ Ω2 and (ε−, µ−) in Ω2 \ Ω1 are complementary, and
(2.7) (G∗F∗ε+,G∗F∗µ+) = (ε+, µ+) in Ω3 \ Ω2
for some F and G from Definition 2.1.
Remark 2.1. The reason complementary media satisfying (2.7) are called doubly complementary
is that (ε−, µ−) in Ω2 \Ω is not only complementary to (ε+, µ+) in Ω3 \Ω2 but also complementary
to (ε+, µ+) in F−1 ◦ G−1(Ω3 \ Ω2).
Remark 2.2. The definition of doubly complementary media is local, and this medium can be ob-
tained as follows. Fix an arbitrary pair (ε−, µ−) in Ω2\Ω1 and a pair of F ,G given in Definition 2.1.
One then determines (ε+, µ+) in Ω3 \ Ω2 and in D := F−1 ◦ G−1(Ω3 \ Ω2) by
(ε+, µ+) = (F∗ε−,F ∗ µ−) in Ω3 \ Ω2,
(ε+, µ+) = (F−1 ∗ G−1 ∗ F∗ε−,F−1 ∗ G−1 ∗ F ∗ µ−) in D.
The choice of (ε+, µ+) outside (Ω3 \ Ω1) ∪D is arbitrary.
Given a subset Ω of R3, we denote 1Ω as its characteristic function. For a doubly complementary
medium (ε0, µ0), set
(2.8) (ε˜, µ˜) :=
{
(ε+, µ+) in R3 \ Ω3,
(G∗F∗ε+,G∗F∗µ+) in Ω3,
(2.9) J˜ = 1R3\Ω2J − 1Ω3\Ω2F∗J + 1Ω3G∗F∗J in R3,
and let (E˜, H˜) ∈ [Hloc(curl,R3)]2 be the unique radiating solution of
(2.10)
{ ∇× E˜ = iωµ˜H˜, in R3,
∇× H˜ = −iωε˜E˜ + J˜ , in R3.
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Note that if (ε0, µ0) is doubly complementary, then ε˜ and µ˜ are uniformly elliptic in R3 since
detF < 0 and detG < 0.
The first result of this paper is on the behavior of (Eδ, Hδ) outside Ω3 as δ → 0:
Theorem 2.1. Let 0 < δ < 1, J ∈ [L2(Rd)]3 with supp J ⊂ BR0, and let (Eδ, Hδ) ∈ [Hloc(curl,R3)]2
be the unique radiating solution of (2.3). Assume that (ε0, µ0) is doubly complementary. Then,
for R > 0,
(2.11) ‖(Eδ, Hδ)‖L2(BR\Ω3) ≤ CR‖J‖L2(R3)
for some positive constant CR that depending on R but is independent of J and δ. Moreover,
(2.12) (Eδ, Hδ) converges to (E˜, H˜) in [L
2
loc(R3 \ Ω3)]6 as δ → 0,
where (E˜, H˜) ∈ [Hloc(curl,R3)]2 is the unique radiating solution of (2.16).
Remark 2.3. Estimate (2.11) confirms that, (Eδ, Hδ) is bounded in L
2
loc(R3 \ Ω¯3).
As seen later in Proposition 2.2 and Theorem 2.2, the power can blow up in the setting considered
in Theorem 2.1. Nevertheless, the fields (Eδ, Hδ) remain bounded outside Ω3: localized resonance
therefore appears. Theorem 2.1 implies the equivalence between the blow up of the power and
the invisibility of a source in the doubly complementary setting. This can be derived as follows.
Fix J ∈ [L2(R3)]3 with supp J ⊂ BR0 . Suppose that the power Pδn(Eδn , Hδn) blows up for some
δn → 0, i.e.,
lim
n→∞Pδn(Eδn , Hδn) = +∞,
where (Eδ, Hδ) ∈ [H(curl,R3)]2 is the unique radiating solution of (2.3). Set
Eˆδ = cδEδ, Hˆδ = cδHδ, and Jˆδ = cδJ,
where cδ = Pδ(Eδ, Hδ)−1/2. Then
lim
n→+∞Pδn(Eˆδn , Hˆδn) = 1 and limn→+∞ ‖Jˆδn‖L2(R3) = 0.
It follows from (2.11) of Theorem 2.1 that
lim
n→+∞ ‖(Eˆδn , Hˆδn)‖L2(BR\Ω3) = 0 :
the source is invisible for observers outside Ω3 after the renormalization to have the boundedness of
the power. Theorem 2.1 is, to our knowledge, the first result providing the connection between the
blow up of the power and the invisibility of a general source in a general setting for electromagnetic
waves via anomalous localized resonance. The starting point of the proof of Theorem 2.1 involves
the reflections F and G in the definition of doubly complementary media. The proof also uses
three-sphere inequalities and the localized singularity removal technique in an essential way.
When the support of J is outside Ω3, one can prove that (Eδ, Hδ) remains bounded in [L
2
loc(R3)]6.
More precisely, we have the following slightly more general result:
Proposition 2.1. Let 0 < δ < 1, Je, Jm ∈ [L2(R3)]3 with supp Je, supp Jm ⊂ BR0, and let
(Eδ, Hδ) ∈ [Hloc(curl,R3)]2 be the unique radiating solution of
(2.13)
{ ∇× Eδ = iωµδH + Je in R3,
∇×Hδ = −iωεδE + Jm in R3.
Assume that (ε0, µ0) is doubly complementary, supp Je∩ (Ω3 \O) = ∅, and supp Jm∩ (Ω3 \O) = ∅,
where O := F−1 ◦ G−1(Ω2). We have, for R > 0,
(2.14) ‖(Eδ, Hδ)‖L2(BR) ≤ CR‖(Je, Jm)‖L2(R3).
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Moreover, (Eδ, Hδ) converges weakly to (E0, H0) in [L
2
loc(R3)]6 the unique radiating solution in
[Hloc(curl,R3)]2 of (2.13) with δ = 0. We also have
(2.15) ‖(Eδ, Hδ)− (E˜, H˜)‖L2(BR\Ω3) ≤ CRδ‖(Je, Jm)‖L2(R3),
where (E˜, H˜) ∈ [Hloc(curl,R3)]2 is the unique radiating solution of
(2.16)
{ ∇× E˜ = iωµ˜H˜ + J˜e, in R3,
∇× H˜ = −iωε˜E˜ + J˜m, in R3,
with J˜e = 1R3\Ω3Je + 1Ω2G∗F∗Je and J˜m = 1R3\Ω3Jm + 1Ω2G∗F∗Jm in R3. Here CR denotes a
positive constant that depends on R but is independent of (Je, Jm) and δ.
When Jm = J and Je = 0, Proposition 2.1 implies that the source J is invisible away the
shell Ω2 \ Ω1 since (E0, H0) = (E˜, H˜) outside Ω3. Proposition 2.1 will be used in the proof of
Theorem 2.2 below where a critical length is revealed for the blow up of the power when the
plasmonic structure is complementary to an annulus of constant, isotropic medium.
Concerning the blow up of the power, we prove the following result for a class of media in which
the complementary property holds only locally.
Proposition 2.2. Let 0 < δ < 1, 0 < α < 1, J ∈ [L2(R3)]3 with supp J ⊂ BR0, and let
(Eδ, Hδ) ∈ [Hloc(curl,R3)]2 be the unique radiating solution of (2.3). Assume that there exists
a diffeomorphism F : Ω2 \ Ω1 → Ω3 \ Ω2 for some Ω2 b Ω3 b R3 such that F ∈ C1(Ω¯2 \ Ω1),
F(x) = x on ∂Ω2, and
(ε+, µ+) = (F∗ε−,F∗µ−) in D where D := Br0(x0) ∩ (Ω3 \ Ω2)
for some x0 ∈ ∂Ω2 and r0 > 0, and assume that (ε0, µ0) is of class C2 in D. There exists
0 < τ0 < r0, depending only on (ε
+, µ+) in D and D such that if
(
D1 := D ∩ Bτ0(x0) and the
system
(2.17)

∇× E = iωµH in D1,
∇×H = −iωεE + J −F∗J in D1,
E × ν = H × ν = 0 on ∂D1 \ ∂Bτ0(x0),
has no solution solution in [H(curl, D1)]
2
)
, then
(2.18) lim sup
δ→0
δ2α‖(Eδ, Hδ)‖2L2(Ω2\Ω1) = +∞.
Applying Proposition 2.2 with α = 1/2, one obtains conditions for the blow-up of the power.
Here is a more quantitative result on the blow up of the power under some additional requirements
on (ε0, µ0):
Theorem 2.2. Let 0 < δ < 1, 0 < α < 1, and J ∈ [L2(R3)]3 with compact support, and let
(Eδ, Hδ) ∈ [Hloc(curl,R3)]2 be the unique radiating solution of (2.3). Assume that (ε0, µ0) is a
doubly complementary medium with Ω2 = Br2 and Ω3 = Br3 for some 0 < r2 < r3, (ε, µ) = (λI, λI)
in Br3 \Br2 for some λ > 0, and
(2.19) supp J ∩ F−1 ◦ G−1(Ω3 \ Ω2) = ∅.
We have
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(1) If there exists a solution (E,H) ∈ [H(curl, Br0 \Br2)]2 of
(2.20)

∇× E = iλωH in Br0 \Br2 ,
∇×H = −iλωH + J −F∗J in Br0 \Br2 ,
E × ν = H × ν = 0 on ∂Br2 ,
for some r0 > r
α
2 r
1−α
3 and α ≤ 1/2, then
(2.21) lim sup
δ→0
δ2α‖(Eδ, Hδ)‖2L2(Br3 ) < +∞.
(2) If there does not exist a solution (E,H) ∈ [H(curl, Br0 \ Br2)]2 of (2.20) for some r0 <
rα2 r
1−α
3 , then
(2.22) lim sup
δ→0
δ2α‖(Eδ, Hδ)‖2L2(Br3\Br2 ) = +∞.
Applying Theorem 2.2 with α = 1/2, one derives, in the setting of Theorem 2.2, that there
exists a critical length r∗ =
√
r2r3 such that the existence or non-existence of a solution of the
Cauchy problem (2.20) implies the blow up of the power for a sequence of δn → 0.
The paper is organized as follows. In Section 3, we collect and establish several results used in the
proof of Theorem 2.1 and Propositions 2.1 and 2.2. The proof of Theorem 2.1 and Propositions 2.1
and 2.2 are given in Section 4. The proof of Theorem 2.2 is given in Section 5.
3. Preliminaries
In this section, we collect and establish several facts on Maxwell equations that are used in the
proof of the main results. Let Ω be an open, connected, bounded subset of R3 of class C1, and set
Γ = ∂Ω. Here and in what follows, one denotes
H−1/2(divΓ,Γ) :=
{
φ ∈ [H−1/2(Γ)]3; φ · ν = 0 and divΓ φ ∈ H−1/2(Γ)
}
,
‖φ‖H−1/2(divΓ,Γ) := ‖φ‖H−1/2(Γ) + ‖divΓ φ‖H−1/2(Γ).
We now provide a stability result for (2.3).
Lemma 3.1. Let 0 < δ < 1, and let (εδ, µδ) be defined in (2.1). Given (Je, Jm) ∈ [L2(R3)]2 with
compact support in K ⊂ BR0, let (Eδ, Hδ) ∈ [Hloc(curl,R3)]6 be the unique radiating solution of{ ∇× Eδ = iωµδHδ + Je in R3,
∇×Hδ = −iωεδHδ + Jm in R3.
We have, for R > 0,
(3.1) ‖(Eδ, Hδ)‖2L2(BR) ≤ CR
(
δ−1‖(Je, Jm)‖L2(R3)‖(Eδ, Hδ)‖L2(K) + ‖(Je, Jm)‖L2(R3)
)
.
In particular, the following inequality holds:
(3.2) ‖(Eδ, Hδ)‖L2(BR) ≤ CRδ−1‖(Je, Jm)‖L2(R3).
Here CR denotes a positive constant that depends on R but is independent of (Je, Jm) and δ.
Proof. The proof of this lemma is quite simple. An integration by parts gives∫
BR
〈µ−1δ ∇×Eδ,∇×Eδ〉−ω2
∫
BR
〈εδEδ, Eδ〉 =
∫
BR
µ−1δ Je∇×E¯δ+iω
∫
BR
JmE¯δ+iω
∫
∂BR
ν×E¯δHδ.
Letting R→ +∞, using the radiation condition, and considering the imaginary part, we have
(3.3) ‖(Eδ, Hδ)‖2L2(Ω2\Ω1) ≤
C
δ
‖(Je, Jm)‖L2(R3)‖(Eδ, Hδ)‖L2(K).
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By the trace theory, see, e.g., [2, 10],
‖(Eδ × ν,Hδ × ν)‖H−1/2(divΓ,∂Ω2∪∂Ω1) ≤ C‖(Eδ, Hδ)‖H(curl,Ω2\Ω1).
It follows that
(3.4) ‖(Eδ × ν,Hδ × ν)‖2H−1/2(divΓ,∂Ω2∪∂Ω1) ≤
C
δ
‖(Je, Jm)‖L2(R3)‖(Eδ, Hδ)‖L2(K)
for some positive constant C independent of (Je, Jm) and δ. As a consequence of the unique
continuation principle for Maxwell’s equations, see, e.g., [26, Lemma 3], one has
(3.5) ‖(Eδ, Hδ)‖L2(Ω1) ≤ C
(
‖(Eδ × ν,Hδ × ν)‖H−1/2(divΓ,∂Ω1) + ‖(Je, Jm)‖L2(Ω1)
)
,
and by the stability of the exterior problem, see, e.g., [26, Lemma 5], we obtain
(3.6) ‖(Eδ, Hδ)‖L2(BR\Ω2) ≤ CR
(
‖Eδ × ν‖H−1/2(divΓ,∂Ω2) + ‖(Je, Jm)‖L2(BR\Ω2)
)
for some positive constants C and CR independent of (Je, Jm) and δ.
Assertion (3.1) now follows from (3.3), (3.4), (3.5), and (3.6).
Assertion (3.2) is a direct consequence of Assertion (3.1) and Ho¨lder’s inequality. 
It is known that the Maxwell equations can be reduced to weakly coupled second order elliptic
equations. More precisely, let Ω be an open subset of R3. If (E,H) ∈ H1(Ω) and{ ∇× E = iωµH in Ω,
∇×H = −iωεE in Ω,
then, for 1 ≤ a ≤ 3,
(3.7) div(µ∇Ha) + div(∂aµH− ikµaεE) = 0 in Ω,
(3.8) div(ε∇Ea) + div(∂aεE + ikεaµH) = 0 in Ω.
Here Ea and Ha denote the a component of E and H, respectively, and the bc component abc
(1 ≤ b, c ≤ 3) of a (1 ≤ a ≤ 3) denotes the usual Levi Civita permutation, i.e.,
abc =
{
sign (abc) if abc is a permuation,
0 otherwise.
Using the three-sphere inequality for elliptic systems, see, e.g., [1], we have
Lemma 3.2. Let Ω be an open, connected, bounded subset of R3 of class C1, and let ε, µ be two
elliptic, symmetric, matrix-valued functions defined in Ω of class C2. Assume that{ ∇× E = iωµH + Je in Ω,
∇×H = −iωεE + Jm in Ω.
Let K b Ω and Br0(x0) ⊂ Ω for some x0 ∈ Ω and r0 > 0. We have
‖(E ,H)‖L2(K) ≤ C
(
‖(E ,H)‖L2(Br0 (x0)) + ‖(Je, Jm)‖L2(Ω)
)α(‖(E ,H)‖L2(Ω) + ‖(Je, Jm)‖L2(Ω))1−α
for some 0 < α < 1 and for some C > 0 independent of (E,H) and (Je, Jm).
We end this section by recalling the following known change-of-variable formula for the Maxwell
equations.
THE INVISIBILITY VIA ANOMALOUS LOCALIZED RESONANCE 9
Lemma 3.3. Let Ω,Ω′ be two bounded, connected, open subsets of R3 and T : Ω→ Ω′ be bijective
such that T ∈ C1(Ω¯) and T −1 ∈ C1(Ω¯′). Assume that ε, µ ∈ [L∞(Ω)]3×3, j ∈ [L2(Ω)]3, and
(E,H) ∈ [H(curl,Ω)]2 is a solution to{ ∇× E = iωµH in Ω,
∇×H = −iωεE + j in Ω.
Define (E′, H ′) in Ω′ as follows:
(3.9) E′(x′) = T ∗ E(x′) := ∇T −T (x)E(x) and H ′(x′) = T ∗H(x′) := ∇T −T (x)H(x),
with x′ = T (x). Then (E′, H ′) is a solution to
(3.10)
{ ∇′ × E′ = iωµ′H ′ in Ω′,
∇′ ×H ′ = −iωε′E′ + j′ in Ω′,
where
ε′ = T∗ε, µ′ = T∗µ, j′ = T∗j.
Additionally assume that Ω is of class C1 and T = T ∣∣
∂Ω
: ∂Ω → ∂Ω′ is a diffeomorphism. We
have 2
(3.11) if E × ν = g and H × ν = h on ∂Ω, then E′ × ν ′ = T∗g and H ′ × ν ′ = T∗h on ∂Ω′,
where T∗ is given in (3.12) below.
For a tangential vector field g defined in ∂Ω, we denote
(3.12) T∗g(x′) = sign · ∇∂ΩT(x)g(x)| det∇∂ΩT(x)| with x
′ = T(x),
where sign := det∇T (x)/|det∇T (x)| for some x ∈ Ω.
4. Proof of Theorem 2.1 and Propositions 2.1 and 2.2
In this section, we present the proof of Theorem 2.1 and Propositions 2.1 and 2.2. The proof
is based on three-sphere inequalities, the use of reflections coming from the definition of comple-
mentary media as in [19], and the use of the localized singularity removal technique with its roots
in [23, 20].
4.1. Proof of Theorem 2.1. The starting point of the proof is the use of reflections F and G
from the definition of doubly complementary media. Set
(4.1) (E1,δ, H1,δ) = (F ∗ Eδ,F ∗Hδ) in R3 \ Ω3
and
(4.2) (E2,δ, H2,δ) = (G ∗ F ∗ Eδ,G ∗ F ∗Hδ) in Ω3.
We also introduce (E˜δ, H˜δ) ∈ [Hloc(curl,R3)]2 as follows:
(4.3) (E˜δ, H˜δ) =

(Eδ, Hδ) in R3 \ Ω3,
(Eδ, Hδ)−
[
(E1,δ, H1,δ)− (E2,δ, H2,δ)
]
in Ω3 \ Ω2,
(E2,δ, H2,δ) in Ω2.
2Here ν and ν′ denote the outward unit normal vector on ∂Ω and ∂Ω′.
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It follows from Lemma 3.3 and the definitions of (ε˜, µ˜) in (2.8) and of J˜ in (2.9) that (E˜δ, H˜δ) ∈
[Hloc(curl,R3)]2 is a radiating solution of the system{ ∇× E˜δ = iωµ˜H˜δ − δω1Ω3\Ω2F∗IH1,δ in R3,
∇× H˜δ = −iωε˜E˜δ + δω1Ω3\Ω2F∗IE1,δ + J˜ in R3.
We derive from the definition of (E˜, H˜) in (4.3) that (E˜δ − E˜, H˜δ − H˜) ∈ [Hloc(curl,R3)]2 is
radiating and satisfies{ ∇× (E˜δ − E˜) = iωµ˜(H˜δ − H˜)− δω1Ω3\Ω2F∗IH1,δ in R3,
∇× (H˜δ − H˜) = −iωε˜(E˜δ − E˜) + δω1Ω3\Ω2F∗IE1,δ in R3.
Since ε˜ and µ˜ are uniformly elliptic, it follows that, see, e.g., [26, Lemma 4],
(4.4) ‖(E˜δ − E˜, H˜δ − H˜)‖L2(BR) ≤ CRδ‖(Eδ, Hδ)‖L2(BR0 ).
Here and in what follows, without loss of generality, one assume that Ω3 ⊂ BR0 . Applying
Lemma 3.1 to (Eδ, Hδ), we obtain
(4.5) ‖(Eδ, Hδ)‖L2(BR0 ) ≤ Cδ
−1‖J‖L2(R3).
Here and in what follows in this proof, C denotes a positive constant independent of J , δ, and R.
Combining (4.4) and (4.5) yields
(4.6) ‖(E˜δ − E˜, H˜δ − H˜)‖L2(BR) ≤ CR‖J‖L2(R3).
This in turn implies that
‖(E˜δ, H˜δ)‖L2(BR) ≤ CR‖J‖L2(R3),
which is (2.11).
We next establish (2.12). Using (2.11), without loss of generality, one might assume that
supp J ∩ ∂Ω2 = ∅ and supp J ∩ ∂Ω1 = ∅. Fix compact sets K1 ⊂ Ω1, K2 ⊂ Ω2 \ Ω¯1, and
K3 ⊂ B2R0 \ Ω¯3 (arbitrary). Fix x0 ∈ ∂B3R0/2, and set r0 = R0/4. Applying Lemma 3.2 with
Ω = B2R0 \ Ω¯2, we have, for some 0 < α3 < 1 independent of J and δ,
‖(Eδ, Hδ)‖L2(K3) ≤ C
(
‖(Eδ, Hδ)‖L2(Br0 (x0))+‖J‖L2(R3)
)α3(‖(Eδ, Hδ)‖L2(B2R0\Ω2)+‖J‖L2(R3))1−α3 .
We derive from (2.11) and (4.5) that
(4.7) ‖(Eδ, Hδ)‖L2(K3) ≤ Cδα3−1‖J‖L2(R3).
Similarly, using
‖(Eδ, Hδ)‖L2(F−1◦G−1(Ω2)) ≤ C‖E˜δ, H˜δ‖L2(Ω2) ≤ C‖J‖L2(R3)
instead of (2.11), applying Lemma 3.2 with Ω = Ω1, and noting that F−1 ◦ G−1(Ω2)) b Ω1, one
obtains
(4.8) ‖(Eδ, Hδ)‖L2(K1) ≤ Cδα1−1‖J‖L2(R3)
for some 0 < α1 < 1 independent of J and δ.
Using (4.6), we have
‖(E˜δ, H˜δ)‖L2(F(K2)) ≤ C‖J‖L2(R3).
Since K1 and K3 are arbitrary, it follows from (4.7) and (4.8) that
‖(E1,δ, H1,δ)‖L2(F(K2)) ≤ Cδα2−1‖J‖L2(R3)
for some 0 < α2 < 1 independent of J and δ. This implies
(4.9) ‖(Eδ, Hδ)‖L2(K2) ≤ Cδα2−1‖J‖L2(R3).
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Combining (4.7), (4.8), and (4.9) yields
‖(Eδ, Hδ)‖L2(K1∪K2∪K3) ≤ Cδα−1‖J‖L2(R3),
with α = min{α1, α2, α3}. By choosing K1,K2, and K3 such that supp J ⊂ K1 ∪K2 ∪K3 (this is
possible since one assumes that supp J ∩ (∂Ω1 ∪ ∂Ω2) = ∅), we derive from Lemma 3.1 that
‖(Eδ, Hδ)‖L2(BR0 ) ≤ Cδ
α/2−1‖J‖L2(R3).
Assertion (2.12) now follows from (4.4). 
Remark 4.1. The introduction of (E˜δ, H˜δ) plays an important role in our analysis. These fields
also play an important role in the proof of cloaking and superlensing using complementary media,
see [26, 27].
4.2. Proof of Propositions 2.1. We use the same notations as in the proof of Theorem 2.1.
The key ingredient of the proof is the existence and uniqueness of radiating solutions of (2.3) with
δ = 0. The existence proof is then based on the formula
(4.10) (E0, H0) =

(E˜, H˜) in R3 \ Ω2,
(F−1 ∗ E˜,F−1 ∗ H˜) in Ω2 \ Ω1,
(F−1 ∗ G−1 ∗ E˜,F−1 ∗ F−1 ∗ H˜) in Ω1.
Using Lemma 3.3, one can check that (E0, H0) ∈
[
Hloc(curl,R3)
]2
is a radiating solution of (2.13)
with δ = 0. Defining (E1,0, H1,0) and (E2,0, H2,0) by (4.1) and (4.2) with δ = 0 and using the
unique continuation principle, one can check that if (E0, H0) ∈
[
Hloc(curl,R3)
]2
is a radiating
solution of (2.13) with δ = 0, then (E0, H0) is given by (4.10), which implies its uniqueness. To
establish the boundedness of (Eδ, Hδ), we note that{ ∇× (Eδ − E0) = iωµδ(Hδ −H0) + iω(µ0 − µδ)H0 in R3,
∇× (Hδ −H0) = −iωεδ(Eδ − E0)− iω(ε0 − εδ)E0 in R3.
Applying Lemma 3.1, one obtains
‖(Eδ − E0, Hδ −H0)‖L2(BR) ≤ CR‖(E0, H0)‖L2(Ω2\Ω1),
which yields
(4.11) ‖(Eδ, Hδ)‖L2(BR) ≤ CR‖(Je, Jm)‖L2(R3).
The convergence of (Eδ, Hδ) to (E0, H0) in
[
L2loc
(
R3 \ (∂Ω1∪∂Ω2)
)]6
follows from (4.11) using the
compactness criterion for Maxwell equations, see, e.g., [26], and the uniqueness of (E0, H0).
To prove (2.15), we note that{ ∇× (E˜δ − E˜) = iωµ˜(H˜δ − H˜)− δω1Ω3\Ω2F∗IH1,δ in R3,
∇× (H˜δ − H˜) = −iωε˜(E˜δ − E˜) + δω1Ω3\Ω2F∗IE1,δ in R3.
Since ε˜ and µ˜ are uniformly elliptic, we derive that
‖(E˜δ − E˜, H˜δ − H˜)‖L2(BR) ≤ CRδ‖(Eδ, Hδ)‖L2(BR0 ),
and (2.15) follows from (4.11). 
Remark 4.2. Assertion 4.12 and the convergence of (Eδ, Hδ) to (E0, H0) were established in [26]
when supp Jm∩Ω3 = ∅ and Je = 0. Assertion (2.15) is known from [26] with the term δ1/2 instead
of δ when supp J ∩ Ω3 = ∅. The proof of (2.15) is different from the one in [22] because of the
involvement of the localized singularity removal technique, even for a stable situation (see also [28]
for the acoustic setting).
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As a consequence of Proposition 2.2, one obtains the following result that is used in the proof
of Theorem 2.2:
Corollary 4.1. Assume that (ε0, µ0) is doubly complementary. Let Je, Jm ∈ [L2(R3)]3 with
supp Je, supp Jm ⊂ BR0, supp Je ∩ (Ω3 \ O) = ∅, and supp Jm ∩ (Ω3 \ O) = ∅, where O := F−1 ◦
G−1(Ω2). Set Γ = ∂(Ω3 \O), and let f, g ∈ H−1/2(divΓ,Γ). Assume that (Eδ, Hδ) ∈ [L2loc(R3)]6 is
the unique radiating solution of
∇× Eδ = iωµδHδ + Je in R3 \ Γ,
∇×Hδ = −iωεδEδ + Jm in R3 \ Γ,
[Eδ × ν] = f, [Hδ × ν] = g on Γ.
We have, for R > 0,
(4.12) ‖(Eδ, Hδ)‖L2(BR) ≤ CR
(
‖(Je, Jm)‖L2(R3) + ‖(f, g)‖H−1/2(divΓ,Γ)
)
for some positive constant CR independent of (Je, Jm), (f, g), and δ.
Proof. Since R0 is fixed but arbitrary, one might assume that Ω3 ⊂ BR0/2. By the trace theory,
see, e.g., [2, 10], there exists (E,H) ∈ [H( curl, (BR0 \ Ω3) ∪O)]2 such that
E × ν = f, H × ν = g on Γ,
and
‖(E,H)‖
H
(
curl,(BR0\Ω3)∪O
) ≤ C‖(f, g)‖H−1/2(divΓ,Γ)
for some positive constant C independent of (f, g). Fix ϕ ∈ C1(R3) such that ϕ = 1 in BR0/2 and
supp ϕ b BR0 . Set
(Eδ,Hδ) =
{
(Eδ − ϕE,Hδ − ϕH) in R3 \ (Ω3 \O),
(Eδ, Hδ) in Ω3 \O.
Then (Eδ,Hδ) ∈ [Hloc(curl,R3)]2 is radiating and satisfies{ ∇× Eδ = iωµδHδ + Je,δ in R3,
∇×Hδ = −iωεδEδ + Jm,δ in R3,
where
Je,δ = 1R3\(Ω3\O)
[−∇×(ϕE)+iωµδ(ϕH)]+Je and Jm,δ = 1R3\(Ω3\O)[−∇×(ϕH)−iωεδ(ϕE)]+Jm.
The conclusion now follows by applying Proposition 2.2 to (Eδ,Hδ). 
4.3. Proof of Propositions 2.2. Using a translation, local charts, and Lemma 3.3, one can
assume that x0 = 0 and D = Br0 ∩ R3+, where R3+ := {x ∈ R3;x · e3 > 0} with e3 = (0, 0, 1). Set
(E1,δ, H1,δ) = (F ∗ Eδ,F ∗Hδ) in D
and
(Eδ,Hδ) = (Eδ, Hδ)− (E1,δ, H1,δ) in D.
Then, by Lemma 3.3,
∇× Eδ = iωµ+Hδ − δωF∗IH1,δ in D,
∇×Hδ = −iωε+Eδ + δωF∗IE1,δ + J −F∗J in D,
Eδ × ν = Hδ × ν = 0 on ∂R3+ ∩Br0 .
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Our goal is to prove that (E2−n ,H2−n) is a Cauchy sequence in [L2(D ∩ Bτ0)]6 for some τ0 > 0 if
(2.18) does not hold.
Fix an extension of (ε+, µ+) in Br0 of class C
2 and continue to denote this extension by (ε+, µ+).
Set, in Br0 ,
fn = 1D
(
− ω2−(n+1)F∗IH1,2−(n+1) + ω2−nF∗IH1,2−n
)
and
gn = 1D
(
ω2−(n+1)F∗IE1,2−(n+1) − ω2−nF∗IE1,2−n
)
.
Let (En,Hn) ∈ [H(curl, Br0)]2 be such that
∇×En = iωµ+ Hn +fn in Br0 ,
∇×Hn = −iωε+ En +gn in Br0 ,
(En×ν)× ν + Hn×ν = 0 on ∂Br0 .
Then
(4.13) ‖(En,Hn)‖L2(Br0 ) ≤ C2
−n
(
‖(E1,2−n , H1,2−n)‖L2(D) + ‖(E1,2−n−1 , H1,2−n−1)‖L2(D)
)
.
Set
(4.14) (Eˆn, Hˆn) = (E2−(n+1) − E2−n ,H2−(n+1) −H2−n)1D − (En,Hn) in Br0 .
One has { ∇× Eˆn = iωµ+Hˆn in Br0 ,
∇× Hˆn = −iωε+Eˆn in Br0 .
Set S = (0, 0,−r0/4) ∈ R3 and denote, for 0 < r < r0/3
‖(Eˆn, Hˆn)(· − S)‖H(∂Br)
= ‖(Eˆn, Hˆn)(· − S)‖H1/2(∂Br) + ‖(ε+∇Eˆn(· − S) · ν, µ∇Hˆn(· − S) · ν)‖H−1/2(∂Br).
Using (3.7) and (3.8) and applying the three-sphere inequality [27, Lemma 7] (see also [31, Theorem
2]), we have, for t ∈ (r0/4, r0/3),
(4.15) ‖(Eˆn, Hˆn)(· − S)‖H(∂Bt) ≤ C‖(Eˆn, Hˆn)(· − S)‖βH(∂Br0/4)‖(Eˆn, Hˆn)(· − S)‖
1−β
H(∂Br0/3)
,
where
β =
R−q2 −R−q3
R−q1 −R−q3
,
with R1 = r0/4, R2 = t, and R3 = r0/3 for some positive constant q depending only on (ε
+, µ+)
and for some positive constant C independent of n. Thus, by choosing t close to r0/4, i.e., R2
close to R1, one has β > (1 + α)/2. Fix such a t. Set τ0 = t− r0/4.
We now prove (2.18) by contradiction for this τ0. Assume that
(4.16) lim sup
δ→0
δ2α‖(Eδ, Hδ)‖2L2(Ω2\Ω1) < +∞.
As in the proof of Lemma 3.1, one has
‖(Eδ, Hδ)‖L2(BR0 ) ≤ C
(
‖(Eδ, Hδ)‖L2(BR0 ) + ‖J‖L2(R3)
)
.
It follows from (4.16) that
(4.17) lim sup
δ→0
δ2α‖(Eδ, Hδ)‖L2(BR0 ) < +∞.
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We derive from (4.13) and (4.17) that
(4.18) ‖(Eˆn, Hˆn)‖L2(Br0 ) ≤ C2
αn and ‖(En,Hn)‖L2(Br0 ) ≤ C2
(α−1)n.
Combining (4.15) and (4.18) and using the definition of (Eˆn, Hˆn) in (4.14) yield
‖(Eˆn, Hˆn)(· − S)‖H(∂Bt) ≤ C2n(α−β).
Hence (Eˆn, Hˆn)(· − S) is a Cauchy sequence in [L2(Bt)]6, as is (E2−n ,H2−n) in [L2(Bτ0)]6. It is
clear that its limit satisfies (2.17). We have a contradiction. The proof is complete. 
5. Proof of Theorem 2.2
For a simple presentation, we will assume that λ = ω = 1. Before presenting the proof, we
introduce, for n ≥ 0,
(5.1) jˆn(t) = 1 · 3 · · · (2n+ 1)jn(t) and yˆn = − yn(t)
1 · 3 · · · (2n− 1) ,
where jn and yn are the spherical Bessel functions of the first and the second kind of order n
respectively. Recall that (see, e.g., [11, (2.37) and (2.38)]), as n→ +∞,
(5.2) jˆn(r) = r
n
[
1 +O(1/n)
]
and yˆn(r) = r
−n−1[1 +O(1/n)].
In what follows, let Y mn denote the spherical harmonic function of degree n and of order m, and
set
Umn (x) =
1√
n(n+ 1)
∇S2Y mn (x) and V mn (x) = x× Umn (x) on S2 = ∂B1.
We are ready to give
5.1. Proof of Assertion (1) of Theorem 2.2. Let (E,H) ∈ L2(Br3\Br2) be the unique solution
to
(5.3)

∇×E = iωH in Br3 \Br2 ,
∇×H = −iωE +J −F∗J in Br3 \Br2 ,
E×ν = 0 on ∂Br2 ,
(E×ν)× ν + H×ν = 0 on ∂Br3 ,
and set
(E ,H) = (E −E, H −H) in Br0 \Br2 .
Then (E ,H) ∈ [H(curl, Br0 \Br2)]2 satisfies
∇× E = iωH in Br0 \Br2 ,
∇×H = −iωE in Br0 \Br2 ,
E × ν = 0, H× ν = −H×ν on ∂Br2 .
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Since ω = 1, one then can represent E ,H as follows, in Br0 \ Br2 , see, e.g., [14], with r = |x| and
xˆ = x/|x|,
E(x) =
∞∑
n=1
∑
|m|≤n
√
n(n+ 1)
αm1,njˆn(r) + α
m
2,nyˆn(r)
r
Y mn (xˆ)xˆ
+
∞∑
n=1
∑
|m|≤n
(
r
[
αm1,njˆn(r) + α
m
2,nyˆn(r)
])′
r
Umn (xˆ)
+
∞∑
n=1
∑
|m|≤n
[
βm1,njˆn(r) + β
m
2,nyˆn(r)
]
V mn (xˆ)
and
H(x) =i
∞∑
n=1
∑
|m|≤n
√
n(n+ 1)
βm1,njˆn(r) + β
m
2,nyˆn(r)
r
Y mn (xˆ)xˆ
+ i
∞∑
n=1
∑
|m|≤n
(
r
[
βm1,njˆn(r) + β
m
2,nyˆn(r)
])′
r
Umn (xˆ)
+ i
∞∑
n=1
∑
|m|≤n
[
αm1,njˆn(r) + α
m
2,nyˆn(r)
]
V mn (xˆ).
Using (5.2) and the fact that E × ν = 0 on ∂Br2 , we derive that
(5.4) αm2,n ∼ r2n2 αm1,n and βm2,n ∼ r2n2 βm1,n for n ≥ N, |m| ≤ n
for some sufficiently large N > 1. Here and in what follows, a ∼ b means that a ≤ Cb and b ≤ Ca
for some positive constant C independent of a and b. Combining (5.2) and (5.4) yields
(5.5) ‖(E ,H)‖2L2(Br0\Br2 ) ∼
N−1∑
n=1
∑
|m|≤n
2∑
j=1
n3
(|αmj,n|2 + |βmj,n|2)r2n0
+
∞∑
n=N
∑
|m|≤n
n3
(|αm1,n|2 + |βm1,n|2)r2n0 < +∞.
Set
(5.6) ξn = δ
α(r3/r0)
n for n ≥ 1.
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The key point of the proof is the construction of (Eδ,Hδ) ∈ [L2(Br3 \ Br2)]6 defined from (E ,H)
as follows:
Eδ =
∞∑
n=1
∑
|m|≤n
1
1 + ξn
√
n(n+ 1)
αm1,njˆn(r) + α
m
2,nyˆn(r)
r
Y mn (xˆ)xˆ
+
∞∑
n=1
∑
|m|≤n
1
1 + ξn
(
r
[
αm1,njˆn(r) + α
m
2,nyˆn(r)
])′
r
Umn (xˆ)
+
∞∑
n=1
∑
|m|≤n
1
1 + ξn
[
βm1,njˆn(r) + β
m
2,nyˆn(r)
]
V mn (xˆ)(5.7)
and
Hδ =i
∞∑
n=1
∑
|m|≤n
1
1 + ξn
√
n(n+ 1)
βm1,njˆn(r) + β
m
2,nyˆn(r)
r
Y mn (xˆ)xˆ
+ i
∞∑
n=1
∑
|m|≤n
1
1 + ξn
(
r
[
βm1,njˆn(r) + β
m
2,nyˆn(r)
])′
r
Umn (xˆ)
+ i
∞∑
n=1
∑
|m|≤n
1
1 + ξn
[
αm1,njˆn(r) + α
m
2,nyˆn(r)
]
V mn (xˆ).(5.8)
Note that (Eδ,Hδ) is defined in Br3 \Br2 instead of in Br0 \Br2 as the one of (E ,H).
It is clear from the definition of (Eδ,Hδ) in (5.7) and (5.8) that
(5.9)

∇× Eδ = iωHδ in Br3 \Br2 ,
∇×Hδ = −iωEδ in Br3 \Br2 ,
Eδ × ν = 0 on ∂Br2 ,
and
(5.10) ‖(Eδ,Hδ)‖2L2(Br3\Br2 ) ∼
N−1∑
n=1
∑
|m|≤n
2∑
j=1
n3
(|αmj,n|2 + |βmj,n|2)r2n0
+
∞∑
n=N
∑
|m|≤n
1
1 + ξ2n
n3
(|αm1,n|2 + |βm1,n|2)r2n3 .
Here, to derive the boundary condition Eδ × ν = 0 on ∂Br2 , we use the fact that E × ν = 0 on
∂Br2 . By the definition of ξn in (5.6), one has
(5.11) r2n3 /(1 + ξ
2
n) ≤ Cδ−2αr2n0 for n ≥ 1,
and, since r0 ≥ rα2 r1−α3 and 0 < α ≤ 1/2,
(5.12) ξ2nr
2n
2 /(1 + ξ
2
n) ≤ Cδ2(1−α)r2n0 for n ≥ 1.
These above two inequalities can be derived by separately considering the case ξn ≤ 1 and ξn ≥ 1.
Combining (5.10) and (5.11) and using (5.5) give
‖(Eδ,Hδ)‖2L2(Br3\Br2 ) ≤ Cδ
−2α.
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Let (E˜, H˜) ∈ [H(curl, Br3 \Br2)]2 be the unique solution to
(5.13)

∇× E˜ = iωH˜ in Br3 \Br2 ,
∇× H˜ = −iωE˜ + F∗J in Br3 \Br2 ,
E˜× ν = 0 on ∂Br2 ,
(E˜× ν)× ν + H˜× ν = 0 on ∂Br3 .
Set
Γ = F−1(∂Br3) = ∂Ω1.
Let (E1,δ,H1,δ), (E2,δ,H2,δ) ∈ [L2loc(curl,Rd)]6 be, respectively, the unique radiating solutions to
(5.14)

∇× E1,δ = iωµδH1,δ in R3,
∇×H1,δ = −iωεδE1,δ in R3 \ ∂Br2 ,
[H1,δ × ν] = −(Hδ + H)× ν on ∂Br2 ,
and, with O := F−1 ◦ G−1(Ω2),
(5.15)

∇× E2,δ = iωµδH2,δ in R3 \ (∂Br3 ∪ Γ),
∇×H2,δ = −iωεδE2,δ + 1R3\Br3J + 1OJ in R3 \ (∂B3 ∪ Γ),
[E2,δ × ν] = (Eδ + E +E˜)× ν, [H2,δ × ν] = (Hδ + H +H˜)× ν on ∂Br3 .
[E2,δ × ν] =
(F−1 ∗ E˜)× ν, [H2,δ × ν] = (F−1 ∗ H˜)× ν on Γ.
Using (2.19) and applying Lemma 3.3, one can derive from (5.3), (5.9), (5.13), (5.14), and (5.15),
that
(5.16) (Eδ, Hδ)− (Eδ + E +E˜,Hδ + H +H˜)1Br3\Br2
−
(
F−1 ∗ E˜,F−1 ∗ H˜
)
1Ω2\Ω1 = (E1,δ,H1,δ) + (E2,δ,H2,δ) in R3.
From the definitions of (E ,H) and (Eδ,Hδ), we have
‖(Eδ − E ,Hδ −H)‖2H−1/2(divΓ,∂Br2 )
∼
N−1∑
n=1
∑
|m|≤n
2∑
j=1
ξ2n
1 + ξ2n
n3
(|αmj,n|2 + |βmj,n|2)r2n2 + ∞∑
n=1
∑
|m|≤n
ξ2n
1 + ξ2n
n3
(
|αm1,n|2 + |βm1,n|2
)
r2n2 ,
‖(Eδ,Hδ‖2H−1/2(divΓ,∂Br3 )
∼
N∑
n=1
∑
|m|≤n
2∑
j=1
1
1 + ξ2n
n3
(
|αmj,n|2 + |βmj,n|2
)
r2n3 +
∞∑
n=1
∑
|m|≤n
1
1 + ξ2n
n3
(
|αm1,n|2 + |βm1,n|2
)
r2n3 .
Using the trace theory, we derive from (5.5) and (5.12) that
(5.17) ‖(Eδ − E ,Hδ −H)‖2H−1/2(divΓ,∂Br2 ) ≤ Cδ
2(1−α)
and from (5.5) and (5.11) that
(5.18) ‖(Eδ,Hδ‖2H−1/2(divΓ,∂Br3 ) ≤ Cδ
−2α.
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Using the fact that, on ∂Br2 ,
(Hδ + H)× ν = (Hδ −H)× ν + (H+ H)× ν = (Hδ −H)× ν
and applying Lemma 3.1, we derive from (5.14) and (5.17) that
(5.19) ‖(E1,δ,H1,δ)‖L2(BR) ≤ CRδ−α.
Applying Corollary 4.1, we obtain from (5.18) that
(5.20) ‖(E2,δ,H2,δ)‖BR ≤ CRδ−α.
Assertion (2.21) now follows from (5.16), (5.19) and (5.20). 
5.2. Proof of the second statement of Theorem 2.2. One of the ingredient of the proof is
the following three-sphere inequality, which is conducted in the spirit of Hadamard’s famous one
[12].
Lemma 5.1. Let ω > 0, 0 < R1 < R2 < R3 ≤ R, and let (Je, Jm) ∈ [L2(BR)]6. Assume that
(E,H) ∈ [H(curl, BR)]2 is a solution of{ ∇× E = iωH + Je in BR,
∇×H = −iωH + Jm in BR.
We have, with α = ln(R1/R3)
/
ln(R2/R3),
‖(E,H)‖L2(BR2 ) ≤ C
(
‖(E,H)‖L2(BR1 )+‖(Je, Jm)‖L2(BR)
)α(‖(E,H)‖L2(BR3 )+‖(Je, Jm)‖L2(BR))1−α
for some positive constant C that depends on ω and R but is independent of R1, R2, R3, (Je, Jm),
and (E,H).
Proof. Let (E,H) ∈ [H(curl, BR)]2 be the unique solution of
∇×E = iωH +Je in BR,
∇×H = −iωE +Jm in BR,
(E×ν)× ν + H×ν = 0 on ∂BR.
We have
(5.21) ‖(E .H)‖L2(BR) ≤ C‖(JE , JH)‖L2(BR).
In this proof, C denotes a positive constant depending only on ω and R. By considering (E −
E, H −H) and using (5.21), without loss of generality, one might assume that (Je, Jm) = (0, 0)
in BR. By a standard change of variables and the use of Lemma 3.3, one might also assume that
ω = 1 as well. Since ω = 1 and (Je, Jm) = (0, 0) in BR, one has, see, e.g. [14, Theorem 2.48],
E(x) =
∞∑
n=1
∑
|m|≤n
(√
n(n+ 1)
αmn jˆn(r)
r
Y mn (xˆ)xˆ+
αmn
(
rjˆn(r)
)′
r
Umn (xˆ) + β
m
n jˆn(r)V
m
n (xˆ)
)
and
H(x) = i
∞∑
n=1
∑
|m|≤n
(√
n(n+ 1)
βmn jˆn(r)
r
Y mn (xˆ)xˆ+
βmn
(
rjˆn(r)
)′
r
Umn (xˆ) + α
m
n jˆn(r)V
m
n (xˆ)
)
.
Using (5.2), as in the proof of Assertion (1) of Theorem 2.2, one obtains
‖(E,H)‖2L2(Br) ∼
∞∑
n=1
∑
|m|≤n
n3
(|αmn |2 + |βmn |2)r2n.
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The conclusion now follows from Ho¨lder’s inequality. 
We are ready to give
Proof of Assertion (2) of Theorem 2.2. Set δn = 2
−n. We establish
sup
n
δαn‖(Eδn , Hδn)‖L2(Ω2\Ω1) = +∞
by contradiction. Assume that
(5.22) sup
n
δαn‖(Eδn , Hδn)‖L2(Ω2\Ω1) < +∞.
As in the proof of Lemma 3.1, we derive from (5.22) that
sup
n
δαn‖(Eδn , Hδn)‖L2(BR) < +∞.
This implies, with (E1,δ, H1,δ) = (F ∗ Eδ,F ∗Hδ), that
(5.23) sup
n
δαn
(‖(En, Hn)‖L2(Br3\Br2 ) + ‖(E1,n, H1,n)‖L2(Br3\Br2 )) < +∞,
where we denote (Eδn , Hδn) and (E1,δn , H1,δn) by (En, Hn) and (E1,n, H1,n), respectively, for no-
tational ease.
Define
(En,Hn) =
{
(En, Hn)− (E1,n, H1,n) in Br3 \Br2 ,
(0, 0) in Br2 .
Then { ∇× En = iωHn − δnωF∗IH1,n1Br3\Br2 in Br3 ,
∇×Hn = −iωEn + δnωF∗IE1,n1Br3\Br2 in Br3 .
Set, in Br3 ,
fn =
(
− 2−(n+1)ωF∗IH1,2−(n+1)1Br3\Br2 + 2
−nωF∗IH1,2−n
)
1Br3\Br2
and
gn =
(
2−(n+1)ωF∗IE1,2−(n+1)1Br3\Br2 − 2
−nωF∗IE1,2−n1Br3\Br2
)
1Br3\Br2 .
Let (En,Hn) ∈ L2(BR0) be such that
∇×En = iωHn +fn in Br3 ,
∇×Hn = −iωEn +gn in Br3 ,
En×ν × ν + Hn×ν = 0 on ∂Br3 .
From (5.23), we have
(5.24) ‖(En,Hn)‖L2(Br3 ) ≤ C2
−n(1−α).
Here and in what follows in this proof, C denotes a positive constant independent of n. Set
(Eˆn, Hˆn) = (En+1 − En,Hn+1 −Hn)− (En,Hn) in Br3 .
It follows that { ∇× Eˆn = iωHˆn in Br3 ,
∇× Hˆn = −iωEˆn in Br3 .
Applying Lemma 5.1, we have
‖(Eˆn, Hˆn)‖L2(Brˆ0 ) ≤ C‖(Eˆn, Hˆn)‖
β
L2(Br2 )
‖(Eˆn, Hˆn)‖1−βL2(Br3 ).
20 H.-M. NGUYEN
with r0 < rˆ0 < r
α
2 r
1−α
3 and β = ln(rˆ0/r3)
/
ln(r2/r3) > α. Using (5.23) and (5.24), we obtain
‖(Eˆn, Hˆn)‖L2(Brˆ0 ) ≤ C2
−n[β(1−α)−α(1−β)] ≤ C2n(α−β).
One derives that
(Eˆn, Hˆn) is a Cauchy sequence in L
2(Brˆ0).
Considering the system of the limit of (Eˆn, Hˆn), one reaches a contradiction with a non-existence
of a solution of (2.20). 
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